AIAA JOURNAL
Vol. 34, No. 11, November 1996

Inverse Aeroacoustic Problem for a Streamlined Body
Part 1: Basic Formulation
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The inverse aeroacoustic problem associated with a flat-plate airfoil in unsteady compressible flow is formulated
in terms of a Fredholm integral equation of the first kind. The feasibility of determining the unsteady pressure
along the airfoil surface from the radiated acoustic signal is demonstrated. It is shown that the Hadamard condi-
tions of existence and uniqueness of the inverse solution can be satisfied. The third Hadamard condition for the
continuous dependence of the solution on the input acoustic data shows the problem to be ill-posed. The singular
value decomposition method with regularization is used to treat the associated ill-conditioned algebraic problem.
Discretization and collocation techniques are used to represent the unsteady pressure on the airfoil. Both methods
give very accurate reconstructions when “perfect” input data are used. The collocation method requires only a
small amount of input data either from the far field or the near field, thus making it more suitable for applications.

Nomenclature
A = vector containing modified input data
a),ay,a; = gust components
= vector of unknowns
C, = coefficient of pressure

c = chord length

€y, Coo = speed of sound

G = modified Green’s function

Gy = free-space Green’s function

{Iéi) ) = zeroth-order Hankel function of second kind
i, 0,0 = unit direction vectors

K = flow parameter defined as /[(k; M/B*)? —(ks3/B)?]
K, = flow parameter defined as k; M /52

ki, k2, ks = gust wavenumbers

M = Mach number, U, /cq

M = matrix

n = normal derivative direction

P, p = pressure

R = length defined by |x — y|

re = distance from origin to far-field point

s = arc length

t = time

U = freestream velocity

u = matrix of left singular vectors

u = unsteady velocity

u; = left singular vector

1% = matrix of right singular vectors

v; = right singular vector

X1, X2, X3, = spatial coordinates

Y1s Y2, Y3

o = Tikhonov regularization parameter

B = compressible-flow parameter, /(1 — M?)
y = aerodynamic transformation angle
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A = jump

6 = angular position of the far-field measurement
location

A = matrix of singular values

v = characteristic amplitude of unsteady disturbance

P = density

lef = singular values

¢, ® = variables used for potential-jump theory

) = frequency

v = gradient

Subscripts

0 = steady-state conditions

+ = function evaluated at x, = +¢€,0< e « 1

- = function evaluated at x; = —¢,0<e < 1

oo = upstream conditions

Superscripts

t = transpose

= time-dependent quantities
= Prandtl-Glauert plane
= conjugate

Introduction

RADITIONALLY, in studying aerodynamically generated

sound, one first identifies and quantifies the sources of sound
and then calculates the scattered sound. This direct approach has
been used to study sound generated by incident acoustic and vor-
tical disturbances or turbulence interacting with a body as well as
sound from jets.

Although the direct approach is very useful in determining the
physical and engineering parameters that affect the radiated sound
level, there are instances when it is of interest to consider the inverse
problem. For example, if certain far-field sound requirements must
be met, the inverse approach can be used to determine how best to
satisfy them. In other instances, it may be desirable to use the inverse
problem as a nonintrusive method for determining the unsteady
pressure on an aircraft wing or a turbomachinery blade from its
far-field acoustic signal.

In this paper, we develop an inverse approach for the aeroacoustic
problem of a streamlined body in a subsonic mean flow. The radiated
sound is generated as a result of either the oscillatory motion of
the body or the interaction of incident acoustic or vortical waves
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with the body. Our development of the inverse approach mirrors
the development of the direct problem. The early treatments of the
direct problem considered the case of a flat-plate airfoil and used
the assumption that the unsteady flow disturbances are small. This
allows the governing equation to be linearized about the steady-state
solution. (For more details, see the recent review article by Atassi.!)
The linearization, in effect, uncouples the unsteady part of the flow
from the mean flow, and brings about a significant simplification for
the treatment of the linearized unsteady problem.

Similarly, to formulate and characterize the essential features
associated with the inverse problem, we consider the case of a
two-dimensional flat-plate airfoil in unsteady subsonic flow. In the
frequency domain, the governing equation reduces to a Helmholtz
equation for a transform of the pressure. In the inverse aeroacoustic
problem, the Helmholtz equation must be solved for the airfoil sur-
face pressure subject to a far-field boundary condition that prescribes
the acoustic field. Green’s theorem is used to cast the boundary-
value problem in terms of a Fredholm integral equation of the first
kind.

This paper demonstrates the feasibility of performing the aeroa-
coustic inversion for a flat-plate airfoil. To this end, we first dis-
cuss the Hadamard criteria for well-posed problems and then de-
velop an inversion method. It is shown that both the Hadamard
criteria® of existence and of uniqueness of a solution can be satis-
fied. Once the existence and uniqueness are established, an inver-
sion method is developed using the singular value decomposition
(SVD) with embedded regularization techniques. It is shown that
this method gives “perfect” solutions when “perfect” input data are
supplied.

Mathematical Formulation

We consider a flat-plate airfoil in a subsonic, inviscid, isentropic,
uniform flow. Further, we assume that an unsteady disturbance is
added to the flow through oscillatory motion of the airfoil or incident
acoustic or vortical waves. Because the disturbances are assumed to
be small, the governing equations of motion can be linearized about
the uniform mean flow quantities to obtain the linearized Euler’s
equations. For oscillatory disturbances, it is always possible, with-
out loss of generality, to consider a single harmonic component and
to factor out the explicit time dependence. We nondimensionalize
length with respect to the half chord ¢/2, velocity with respect to
U, time with respect to ¢/2U ,, and the unsteady pressure p’ with
respect to ap., Uy, Where a is related to the amplitude of the un-
steady disturbance. The mathematical problem then can be reduced
to a two-dimensional Helmholtz equation

(VZ+KHP =0 1)

for a transformed pressure, P (X, X;) = p’ exp[—i(kit + MK, %, —
ks%3/B)], in the Prandtl-Glauert coordinate system.® The Prandtl—
Glauert coordinates are defined by {X; = xy, X; = Bx», X3 = Bxa},
and k; = wc/2u,, is the reduced frequency.

To predict the sound scattered by a flat-plate airfoil in unsteady

compressible flow, the Helmholtz equation (1) must be solved sub-

ject to a causality condition far from the airfoil and a boundary
condition along the airfoil and its wake. Several methods have
been used to solve this direct aeroacoustic boundary-value prob-
lem. Adamczyk and Brand* solved the direct aeroacoustic problem
using an expansion of the solution to the Helmholtz equation in
terms of Mathieu functions. However, as noted by Adamczyk in a
later paper,® these functions are difficult to evaluate. In addition,
this approach works only for the flat-plate geometry and cannot be
generalized for real airfoils. An asymptotic theory, developed later
by Martinez and Widnall,® provides an analytical expression for the
far-field pressure in the limit of high frequency.

Recently, Atassi et al.,? using Green’s theorem, offered a method
that gives the far-field acoustic pressure in terms of the airfoil sur-
face pressure.This method is simple and works for all disturbance
frequencies. In this method, Green’s theorem is applied to solutions
of the Helmholtz equation in a domain D between an outer contour
C that encloses the airfoil and an inner contour that consists of the
slit starting at the leading edge of the airfoil and extending along

its wake on the x; axis to downstream infinity. The application of
Green’s theorem yields

. 1 o0 oG P
Pm:E;/ PPM%—%%Q—G(IM ;”}m
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where the free-space Green’s function G ¢ is given by
G (®15) = (n /D HP (K% —§)) 3)
In general, we can write
P=P+P @

where P; represents the incident acoustic field and P, is the radiated
or scattered field. We note that P; is continuous along the ¥, axis
and that P; is an odd function of ¥, continuous along the wake
X1 > 1, and such that 3 P,/3x, is continuous along the entire X,
axis. Therefore, for ¥ € D., the scattered field is given by

1
P.‘-(i)=2lf AP(y )M dy &)
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1 3y,

and the incident field by
1 G s(X |y
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If there are no incident acoustic waves, then P, is known in the
far field and the inverse problem is governed by Eq. (5). On the
other hand, when there is an incident acoustic field P;, then we
can calculate P; from Eq. (6) and then calculate the scattered field
P, = P — P;. Thus in all cases the problem can be formulated in
terms of the Fredholm equation (5) of the first kind.

Finally, aeroacoustic applications are different from other appli-
cations, such as acoustic holography, for which researchers have
considered inverse acoustic problems. The existence of a mean flow
is the main distinction. Other distinctions between this application
and inverse problems such as holography is that the body is as-
sumed to be completely rigid. For unsteady aerodynamic applica-
tions, where the body is assumed to be rigid, the only frequency
or frequencies in the system will be directly associated with the
unsteady disturbance. For instance, if the airfoil is oscillating with
a frequency w, the pressure response of the airfoil also will be at
o and likewise the radiated sound also will be at that frequency.
There are, however, more than a single wavelength associated with
the problem. For incident convected vortical waves, the wavelength
is 2n Uy, /w. For acoustic waves, the wavelength is affected by the
mean flow velocity and thus varies from one direction to another.
The maximum wavelength occurs for waves propagating in the mean
flow direction downstream whereas the minimum wavelength oc-
curs for upstream propagating waves.

Existence and Uniqueness

The inverse aeroacoustic problem of concern here is defined as
determining the unsteady pressure on a flat-plate airfoil from its
associated far-field acoustic signal. The existence criterion for this
problem follows directly from the statement of the problem, i.e., the
acoustic signal must be associated with the acoustic scattering from
the plate for the inversion to have a solution. For instance, if there
are multiple solid bodies near the flat plate, Eq. (5) must be modified
to account for the reflected sound from these boundaries. Thus, the
existence of a solution depends both on the far-field signal and the
geometry.

Once existence of a solution is estabhshed, we can show that the
solution to Eq. (5) is unique. Let there be two solutions to the inverse
problem, A Py # A P,, such that the acoustic field produced by both
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isidentical on a surface T enclosing the airfoil. Here, A P represents
the jump P(X;, 04+) — P (X, 0—). Hence, it can be written that

L oG
P(fc>=f AP o———fa(x'y) % @
-1 n
! G
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-1 n

forx¥ € X. Subtracting Eq. (8) from Eq. (7) results in the following
expression valid forx € Z:

?Ef(_xli) dy, =0 9)

/ [API(G) — AP ()]

We now show that the far-field pattern of the radiating solution

vanishes everywhere outside of . To this end, we consider the

region outside the surface, . A Green’s function can be calculated

such that G(¥|7) = 0 on the surface.” Therefore, for any point
outside the surface, the pressure is found from

oG
P(i>=f p(y)2GE) ( LIRS (10)

Since P(J) vanishes everywhere on X, it is clear that P(X) = 0
everywhere outside X,

Using a theorem established by Colton and Kress,® which states
that if the radiating solution to the Helmholtz equation vanishes in
the far field, then the radiating solution is zero everywhere outside
of the body, we conclude that P (X) is zero everywhere outside of
the airfoil.

Finally, we note that inverse solutions to double-layer potentials
of the form

1 _ G (x|y) .
<I>(sz>=/ oG “LED g5,
-1 n

are not unique. However, these solutions may be rendered unique if
we impose that the solution be bounded at the trailing edge of the
airfoil, §; = 1. This condition corresponds to imposing the Kutta
condition in thin-airfoil theory. Using potential jump theory, Eq.
(11) becomes

OLx) —P_(X) =¢EF)=0

For the problem at hand, ¢ (X;) = AP, (%;) — A P»(¥;) and, there-
fore,

TeRY[-1,11 AD

fel-1,11 (12

AP(R1) = AP (%) 13)

Hence, the inverse aeroacoustic solution must be unique.

After establishing the condition for existence and uniqueness
for the inverse aeroacoustic problem, we now consider the third
Hadamard criterion,? which requires that the solution be continu-
ously dependent on the data. In two dimensions, the relationship
between the far-field pressure and the near-field pressure contains
a factor of 1/./(r). Because of this dependence, errors on the or-
der of 8p’ in the far-field input data become errors on the order
of \/(r;)8p’ in the near field. Hence, small changes in the input
data can create large changes in the solution. This violates the third
Hadamard criterion and shows that the inverse aeroacoustic prob-
lem will, in general, be ill-posed. For ill-posed problems where the
third Hadamard criterion fails, solutions must be obtained using op-
timization or regularization techniques. The next sections outline
the techniques used for solving the inverse aeroacoustic problem.

Method of Solution

General Techniques

The formulation of the inverse aeroacoustic problem, as well as
many other inverse problems, leads to a Fredholm integral equation
of the first kind, Eq. (5). A method often used for solving such
an integral equation is to cast it in matrix form and then to solve
the matrix equation. However, the matrix equation that represents a
Fredholm integral equation is ill-conditioned and cannot be solved
by standard inversion of the matrix. Instead, an optimization method
like the singular value decomposition (SVD)’ method must be used.

SVD is an optimization method for solving overdetermined and/
or ill-conditioned matrices. Details about this method are given
elsewhere.!® Here we only include a brief outline of the SVD
method.

In general, one needs to solve the matrix equation

[A] = [M][B] (14)

The matrix M of dimension m x n withm > n, can be represented
as

M =UAY' (15)

where A is an m x n diagonal matrix with the first » diagonal terms
containing the singular values, denoted here as o;, and the others
containing zero; U is an m x m matrix containing the left singular
vectors #; in its columns; and Vis an n x n matrix containing the
right singular vectors v; in its columns.

The singular values are the nonnegative square roots of the eigen-
values of the matrix

MM
so that
./\;lth,- = aizxi
and the singular vectors contained in the columns of U4 and V satisfy
My, = ou; (16)
Mu; = o, (17)

From this decomposition, one constructs the solution to Eq. (14) as
follows:

Al [u;
Bl= ) LAKCATS (18)

a0 T

In effect, the vectors u; form an orthonormal basis for the known
field A, and the vectors v; form an orthonormal basis for the solution
field B. The solution is constructed using the basis vectors v; with
weighting constants given by (A - u;)/o;.

When a matrix is ill-conditioned, the singular values decay to
zero quickly. To avoid dividing by these small values, regulariza-
tion techniques must be embedded in the SVD method. One pos-
sible regularization technique is the spectral cutoff method. In this
method, one sets the value of the smallest allowable singular value
or cutoff. The solution then is constructed from only those basis
functions corresponding to singular values greater than the cutoff.
Given a cutoff value, or regularization parameter, «, the solution
becomes

Al - [u;
(Bl= ) Al 19)

o>« i

Another regularization that can be used is known as Tikhonov
regularization.!! When applying the Tikhonov regularization
scheme within the SVD, the singular values are simply modified
by a damping factor « as follows:

n

(B =~ —7— (1Al [wDl] (20)

i=1

The Tikhonov regularization essentially damps out the influence of
the basis vectors that correspond to the very small singular values.
Implementation of the SVD method and the choice of the accom-
panying regularization parameter for the current problem will be_:
discussed shortly. The SVD method has been used successfully in
other related inverse acoustic problems.'?:13

Solution Procedure

Before performing the SVD described in the preceding section,
one must transform the integral equation (5) into a matrix equation.
Since the acoustic signal is measured in the far field, we can consider
either the full form of the kernel, i.e., the Hankel function, or its
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far-field expansion. In addition, the integration can be performed
either for the variable y; from —1 to 1, where —1 corresponds to
the leading edge of the airfoil and 1 corresponds to the trailing
edge, or for the variable y from 0 to 7, where y is defined as
y, = — cos y. The variable y is often used to avoid the singularity
at the leading edge. Once a form of the integral equation is chosen,
then the related matrix equation can be obtained. Two techniques
for transforming the integral equation into a matrix equation were
considered in this study. The first is a simple quadrature rule, and
the second is a collocation method. Both produce ill-conditioned
matrix equations, which then are solved using the SVD method.
To implement the SVD method a regularization technique and a
regularization parameter must be chosen.

A simple transverse gust case with M = 0.4 and k; = 5.0 serves
as a test case for comparing the effect of the different schemes on
the inverse solutions. Input data for testing the inversion method
are provided by a semianalytical solution to the direct problem.?
We solve the direct problem by using Possio’s integral equation to
calculate the pressure jump along the flat-plate airfoil and Eq. (5) to
calculate the radiated sound. We define the far-field pressure at 79
equally spaced points on a circular arc located at a nondimensional
radius of » =100, from 0 to 7 but not including the endpoints,
because adding these points will render the matrix M singular. The
data from the direct problem are recorded with five-decimal-point
accuracy. We defined this as “perfect” input data.

We have found a few schemes that provide “perfect” reconstruc-
tions of the pressure jump along the flat-plate airfoil, when “perfect”
input data from the far field are used. A description of the develop-
ment of these schemes follows.

A scheme for solving the inverse aeroacoustic problem consists of
three steps: 1) specifying the form of the kernel of the integral equa-
tion and the integration parameter; 2) defining the method for trans-
forming the integral equation into a matrix equation; and 3) setting
the regularization. Several combinations of these three choices have
been tested. We should note that for all of the schemes tested, the
regularization is not really a free choice. Instead, calibration defines
which of the above-mentioned regularization techniques should be
used and the associated regularization parameter. The calibration
consists of applying the two regularization techniques with several
different regularization parameters to test cases with different Mach
numbers and reduced frequencies. The combination that gives the
best results for all tested combinations of Mach number and re-
duced frequency becomes the choice for that scheme. An example
calibration is discussed shortly.

Quadrature Method

We first tested schemes that use a quadrature method for dis-
cretization of the integral equation. The difference between schemes
in this set of tests depends on the form of the original integral equa-
tion. The very first scheme we tried used the exact form of Eq. (5).
The matrix equation was formed with the trapezoidal quadrature
rule. For this scheme, it was determined through calibration that the
spectral cutoff regularization did not work and that the Tikhonov
regularization scheme was best when o =10"". An example of the
calibration can be seen in Fig. 1, which includes the real and imag-
inary parts of the reconstructed unsteady pressure jump C,,. We
nondimensionalize the unsteady pressure with respect to a;pU.,,
where a, is the amplitude of the transverse gust. In Fig. 1, the lead-
ing edge of the airfoil is located at —1.0 on the airfoil axis and the
trailing edge is located at 1.0. Here, the Tikhonov scheme is tested
with several regularization parameters for a Mach number of 0.6
and a reduced frequency of 3.0. It shows that both « =107 and
o =107% give the best reconstructions. However, & = 1077 gives
more accurate results for other choices of Mach number and re-
duced frequency that were tested but that are not shown here.

The reconstruction for our test case of M = 0.4 and k; = 5.0 pro-
duced by this first scheme when using “perfect” input data is shown
in Fig. 2. The reconstruction is denoted case A and is represented
by the dotted line. Again, the figure includes the real and imagi-
nary parts of the nondimensional unsteady pressure jump. As in the
calibration case, the reconstructions are not “perfect” even though
“perfect” input data have been used, and, as expected, when the fre-
quency K = kM /B? decreases, the reconstructions become worse.

0.15-
0.14

0.05

Re( &p ) o
0.059
.0'1_‘
0,154
-0.24

-0.25 T T T 1
.0
airfoil

-——— Exact

o 0 -
airfoil

Fig. 1 Effect of varying the Tikhonov regularization parameter « for
case A: real (top) and imaginary (bottom) parts of the unsteady surface
pressure (M = 0.6,k = 3.0).

Re(Cay)

L2+
1

airfoil

Fig.2 Comparison of reconstructions using the quadrature methods:
real (top) and imaginary (bottom) parts of the unsteady surface pres-
sure (M = 0.4,k; = 5.0).

Most of the error in the reconstruction stems from the singular be-
havior of the unsteady pressure at the leading edge. Although thisbe-
havior is inherent in the problem, i.e., the information characterizes
the kernel, computationally it is difficult to capture. In Fig. 2, case
A, it can be seen that the magnitude of the unsteady pressure in-
creases near the leading edge, but the true singular behavior is not
captured. Instead, the computed solution suddenly decreases at the
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leading edge. This adds unwanted oscillations in the solution along
the rest of the airfoil.

To aid the numerics in capturing the leading-edge singularity,
the transformation y; = —cos y is used in the original form of the
integral equation. With this transformation, Eq. (5) becomes

7 (2)
K|x +cosyi

/ AP(y)siny (Klx + cosy D dy (1)

0

|x+cosyt|

. —iKXx;
P(x) 7
Solving the matrix equation for the quantity AP (y)siny ensures
that the computed quantity is finite at the leading edge. Division by
sin y produces the singularity at the leading edge; however, it also
may affect the behavior at the trailing edge. Thus the Kutta condition
may not be satisfied rigorously. Any resulting singular behavior will
be confined to a very small region near the airfoil trailing edge and
will not influence the solution along the entire airfoil. Using 1)
Eq. (21) as the form of the integral equation, 2) the trapezoidal rule
to obtain the matrix equation, and 3) Tikhonov regularization with
o = 107% in the SVD method, one obtains results for M = 0.4 and
k; = 5.0 as shown by the dashed line in Fig. 2 and denoted case B.

Overall, the scheme using the transformation in the integral equa-
tion gives much better reconstructions, but still they are not “per-
fect.” In particular, for small X, not shown here, the reconstructions
are very poor. The reason for this difficulty can be traced to the
relatively small dependence of the kernel phase on ;. Indeed, for
large |X|, K |¥ — §| shows small variation as ¥, varies from —1 to 1.
These variations become even smaller as K decreases. This is con-
sistent with the fact that, as K becomes small, the unsteady surface
pressure acts as a compact source and the far field does not depend
on the details of the unsteady pressure distribution.

Thus an alternative method can be developed that uses the asymp-
totic behavior of the Hankel function to factor out the dependence
on |{%{. The integral equation (5) becomes

- exp[—i(KX| —n/d] . -
Px) ,/8ﬂ i sin 6

1
x/ AP(yl)exp(iKy,cosé)dyl+O(|—_1l—3> 22)
—1 X2

We introduce

6 = P(x),/ eXp[l(Kle—ﬂ/4)]|—l—9

- / AP ) exp(iK cos63,) d5 23)
-1

which represents the integral equation to solve.

Again, we use the trapezoidal rule to discretize the matrix and
the transformation y; = —cos y to avoid the difficulty associated
with the leading-edge singularity. Figure 3 shows the solution ob-
tained from the SVD method with embedded Tikhonov regulariza-
tion when “perfect” input data are supplied. The optimal regular-
ization parameter for this method is & = 107%. It is seen that these
reconstructions are extremely accurate. This method gives “perfect”
reconstructions at all values of X that have been tested. These values
of K range from 0.01 to 20.0.

Although at this point we have demonstrated an inversion scheme
that works well, there are two improvements that are necessary. First,
the best scheme discussed thus far relies on the use of the asymptotic
form of the kernel. When this form of the kernel is used, the input
data must come from the far field. However, for application, one
would like the flexibility to use far-field or near-field information.
Second, thus far, a simple quadrature rule has been used to discretize
the integral equation. It has been determined that at least 20 points on
the airfoil are necessary for accurate discretization. Hence, at least
20 input points must be available. In application, this requirement
may be too high.

Using either a higher-order quadrature method or a collocation
method to form the matrix equation, as opposed to the trapezoidal
quadrature rule, can lessen the input data requirement. Because the

04
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0.04]
-0.06]
008
-0.13
0.12]
-0.14]
-0.16]
-0.183
o2

Re(Gap)
2y

i T 1

-1 -05 0 05 1
airfoil

Im(_g‘i_D‘) -0.05-]

~— Exact
0.1

%-- Expanded kernel
0.15]

0.2 T " 1 LI
-1 05 0 05 1
airfoil

Fig. 3 Reconstruction using the quadrature method with expanded
kernel: real (top) and imaginary (bottom) parts of the unsteady surface
pressure (M = 0.4, k; = 5.0).

matrix is more easily defined using a collocation technique as com-
pared to using a higher-order quadrature scheme, and, because a
collocation series can be easily chosen to include the basic features
of the unsteady pressure, we chose to test the collocation method.

Collocation Method

Since the unsteady pressure on the airfoil represents an aerody-
namic response, some information regarding its nature is already
known from the direct problem; the unsteady pressure is charac-
terized by a square-root singularity at the leading edge and a Kutta
condition at the trailing edge. These characteristics must be inherent
in an inverse solution and hence the collocation series is chosen to
include these features:

Z A, sinny (24)

n=1

AP()/) = Ay CO[( )

where y; = —cos y. Just a few terms of this series provide a good
representation of the unsteady pressure jump along the flat-plate
airfoil even when the airfoil forces are noncompact. This implies
that only a few input points are needed. Moreover, this series can
be substituted into the integral equation with the kernel in either
its general form or its asymptotic form. This adds flexibility in the
sense that the input data can be obtained either in the midfield or
in the far field. When the collocation series is substituted into the
asymptotic form of the integral equation, the integration can be
carried out analytically. Hence, for convenience, we only consider
the asymptotic form of the integral equation. Substituting Eq. (24)
into Eq. (23) and integrating gives

F® = Agn[Jp(K cosB) — i J; (K cos6)]

Iy (Kcos@)
A (—i)" " n 25
+ Z w7 (1) K cos 8 23)

n=1

where J, is the Bessel function of order n. The Bessel functions
have the property that

Ja(2) ~ (1/V2n2)(ez/2n)" as n— o0 (26)
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airfoil

s

Fig. 4 Effect of varying the cutoff parameter with collocation tech-
nique: real (top) and imaginary (bottom) parts of the unsteady surface
pressure (M = 0.4,k = 5.0).

From this, it is clear that the values of the elements in the columns
of M decrease as the column number increases, thus leading to an
ill-conditioned matrix equation. It is also clear that, as K increases,
the columns decay to zero more slowly. It follows that, as the airfoil
radiation problem becomes more noncompact, which is measured
by the value of K, more terms can be used in the series representation
without ill-conditioning the matrix.

Solving the matrix equation using the SVD method with the
basic regularization schemes mentioned previously, one never ob-
tains a “perfect” reconstruction. Some attempts of calibration for
the spectral cutoff method and the Tikhonov method are shown in
Figs. 4 and 5, respectively. This result is a peculiarity of the SVD
method, and it is discussed further in the next section.

To ensure a “perfect” reconstruction when “perfect” input data are
used, the implementation of the regularization must be altered. The
alteration follows from the behavior of Eq. (25). As more terms are
used in the series, the matrix equation becomes more ill-conditioned.
However, the number of terms in the series can be limited such that
the condition number of the matrix is close to 1. In other words,
by choosing the correct number of terms in the series, the matrix
remains well conditioned. Truncating the series is a form of regu-
larization, and we term this the a priori cutoff method.

This a priori regularization allows for direct inversion of the ma-
trix. If the series is limited, however, the system of equations will
most likely be overdetermined, which again hinders direct inversion.
The SVD method can again be used to solve the overdetermined
system. In this case, because the regularization is done a priori, an
embedded regularization is not necessary.

The a priori cutoff, i.e., number of terms used in the collocation
series, is chosen based on the singular values of the matrix. The
restriction is that these singular values all must be greater than the
cutoff parameter 0.01, found through calibration using “perfect”
input data. This allows for “perfect” reconstruction for all cases of
K, where 0.01 < K < 20. Figure 6 shows the reconstruction using
this a priori cutoff technique for the case M = 0.4, k; =5.0.

. 0 .
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Fig.5 Effectof varying the Tikhonov parameter with collocation tech-
nique: real (top) and imaginary (bottom) parts of the unsteady surface
pressure (M = 0.4,ky = 5.0).
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Fig. 6 Reconstruction using a priori regularization with collocation

technique: real (top) and imaginary (bottom) parts of the unsteady sur-
face pressure (M = 0.4,k = 5.0).

Analysis of the SVD Method

The order in which the schemes have been covered here shows the
progression toward an accurate and flexible solution method for the
inverse aeroacoustic problem. The first two schemes, cases A and
B, did not give very accurate results. Case B was an improvement
over case A due to special treatment of the leading-edge singularity.
It was then shown that when case B was modified to incorporate
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Fig. 8 Singular values for collocation method (M = 0.4, k{ = 5.0).

an expanded kernel, the inversion was “perfect.” This asymptotic
form of the kernel eliminated difficulties associated with using far-
field input data. The collocation method was presented as a more
flexible method that still produces very accurate reconstructions.
This progression to “perfect” solutions could have been predicted
to some degree by studying the singular values of the corresponding
matrix equations.
The solution is constructed in the SVD method as follows:

Al - [u;
Bl=) U—UF—"J[M @7

; !
!

Now consider two different forms of the matrix equation arising
from two different schemes. One gives rise to small singular values
and one to large singular values. If both sets of singular values are to
beused in Eq. (27) with the fixed input vector A to determine B, then
for the set of small singular values, the singular vectors u; or v; or
both must also contain small numbers as compared to the singular
vectors corresponding to the larger set of singular values. When
computing the solutions, the smaller numbers are more susceptible
to numerical error. So it is expected that the form of the matrix
equations giving rise to the largest singular values would be the
more accurate formulation.

The singular values for cases A and B are plotted in Fig. 7. There
are two curves for each case. The first curve shows the actual singular
values, whereas the second curve shows the singular values after
regularization. From the plot of the regularized singular values, it
is easy to see how the Tikhonov regularization acts to damp out
the influence of the basis vectors corresponding to the extremely
small singular values. Overall, the singular values in case B are
larger than the singular values for case A. For the expanded kernel
case, not shown, the largest singular value is approximately 2.0 as
compared to 0.007 for case B and 0.005 for case A. Finally, Fig. 8
shows that the largest singular value for the collocation method is
approximately 23. As predicted, the greater the value of the largest
singular value for a given scheme, the better the reconstruction.
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Fig.9 Collocation method with spectral cutoff embedded in SVD: real
(top) and imaginary (bottom) parts of the unsteady surface pressure
M =04,k =5.0).

A very peculiar problem associated with the SVD scheme oc-
curs when the matrix is formed using the collocation method. It was
mentioned earlier that using the a priori cutoff leads to “perfect” so-
lutions. If, however, the matrix is allowed to become ill-conditioned,
i.e., the number of terms in the series is not limited, then a “perfect”
reconstruction cannot be obtained. This is true even when the spec-
tral cutoff method is applied within the SVD method with the same
value for the cutoff as is used in the a priori scheme that gives “per-
fect” results. Figure 9 shows the results obtained when seven terms
are used in the series to produce the matrix instead of five, but the
spectral cutoff method is used within the SVD method to ensure
that only five singular values are actually used to reconstruct the
solution. The results are not good. No improvement is seen when all
seven of the singular values are used. This must be due to the fact
that the SVD is really a least-squares type of algorithm. When it is
used to make the best fit with information that may be redundant or
even erroneous, it may yield inaccurate results.

Conclusion

The feasibility of determining the unsteady surface pressure along
a streamlined body from the radiated sound is demonstrated. The-
oretically, the unsteady pressure can be produced by a number of
disturbances including aeroelastic vibration of the body, an incident
acoustic wave, or an incident vortical gust. The three Hadamard con-
ditions for well-posedness have been considered. It is shown that the
first two criteria, existence and uniqueness of a solution, can be sat-
isfied for this problem. However, the third condition, of continuous
dependence of the solution on the input data, fails, thus rendering
the problem ill-posed. Still, however, the inversion is feasible.

To determine the unsteady pressure on the airfoil from the radi-
ated sound, a Fredholm integral equation of the first kind must be
solved. Transforming this integral equation into a matrix equation,
in general, leads to an ill-conditioned system. The matrix equation
can be solved using the SVD method with added regularization.
The schemes developed for solving this integral equation consist of
three stages. In the first stage, one defines the form of the integral
equation. Then one chooses a method for transforming the integral
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equation into a matrix equation. Finally, the type of regularization
and the regularization parameter to use within the SVD method
are set.

The schemes are tested for the case of a transverse vortical gust
impinging on a flat-plate airfoil. Three schemes were found that
give “perfect” reconstructions of the unsteady pressure on the airfoil
when “perfect” input data are supplied.

It was shown that a scheme using the trapezoidal quadrature to
transform the integral equation into a matrix equation could lead
to “perfect” reconstructions. The form of the integral equation had
to include a transformation to aid in capturing the leading-edge
singularity in the unsteady pressure jump; in addition, the kernel
had to be written in expanded form. For this scheme, the Tikhonov
regularization was used.

The collocation method for transforming the integral equation
to a matrix equation leads to two schemes that produce “perfect”
reconstructions. These schemes also have the leading-edge singu-
larity embedded. The difference between the two schemes is in the
form of the kernel. The collocation technique works with both the
general form and the expanded form of the integral equation. To ob-
tain “perfect” reconstructions, the normal regularization techniques
could not be used; instead, an a priori cutoff of the number of terms
in the collocation series must be used.

The ability to find accurate solutions when “perfect” input data are
available proves the feasibility of the inverse aeroacoustic problem.
However, in application, “perfect” input data, as used in this study,
will not exist. Instead, the challenge is to determine how to obtain
accurate solutions when the input data are noisy. This is addressed
in a separate paper.
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